IITEIIITIOIAL HIUIIIL OF

SOLIDS a
STHIIGTIIIIES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 40 (2003) 2215-2248

Micro-stress prediction in composite laminates
with high stress gradients

P. Hutapea ?, F.G. Yuan ®*, N.J. Pagano °

& Department of Mechanical and Aerospace Engineering, North Carolina State University, Raleigh, NC 27695, USA
® AFRLIMLBM Wright-Patterson AFB, OH 45433, USA

Received 16 January 2002; received in revised form 3 December 2002

Abstract

The objective of this research is to develop a macroscopic theory, which can provide the connection between macro-
mechanics and micro-mechanics in characterizing the micro-stress of composite laminates in regions of high macro-
scopic stress gradients. The micro-polar theory, a class of higher-order elasticity theory, of composite laminate
mechanics is implemented in a well-known Pipes—Pagano free edge boundary problem. The micro-polar homogeniza-
tion method to determine the micro-polar anisotropic effective elastic moduli is presented. A displacement-based finite
element method based on micro-polar theory in anisotropic solids is developed in analyzing composite laminates. The
effects of fiber volume fraction and cell size on the normal stress along the artificial interface resulting from ply homo-
genization of the composite laminate are also investigated. The stress response based on micro-polar theory is compared
with those deduced from the micro-mechanics and classical elasticity theory. Special attention of the investigation
focuses on the stress fields near the free edge where the high macro-stress gradient occurs. The normal stresses along the
artificial interface and especially, the micro-stress along the fiber/matrix interface on the critical cell near the free edge
where the high macro-stress gradient detected are the focus of this investigation. These micro-stresses are expected to
dominate the failure initiation process in composite laminate. A micro-stress recovery scheme based on micro-polar
analysis for the prediction of interface micro-stresses in the critical cell near the free edge is found to be in very good
agreement with “exact” micro-stress solutions. It is demonstrated that the micro-polar theory is able to capture the
micro-stress accurately from the homogenized solutions.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Development and application of fiber reinforced composites have already witnessed phenomenal growth
over the past two decades. The prospect of controlling a wide range of material micro-structures and re-
sulting properties has also been greatly enhanced. As the use of composite materials grows to include
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structural components, which are essential to the function and safety of engineering structures, a major
need in the design of these composite laminates is to assess acceptable stress levels under the conditions to
be experienced during service. Efficient use of the remarkable properties of fiber composites will expand
even more rapidly if the material micro-structure can further be precisely tailored to provide desired per-
formance of composite structures.

The analysis of failure in fiber composites has traditionally followed two different levels of abstraction.
The areas of investigation are known as micro-mechanics and macro-mechanics. The micro-mechanics
approach aims at the involvement of microscopic inhomogeneities in various kinds of micro-failure pro-
cesses by taking the composite micro-structure into account. The advantage of the micro-mechanics rep-
resentation is that detailed information is directly obtained about the local interaction between the
constituents and micro-failure mechanisms. The numerical modeling of exceedingly complicated geometric
detail of all fibers and matrix, however, often requires exceedingly fine grids and hence results in excessive
computer cost and capacity. The shear-lag model (Hedgepath, 1961; Hedgepath and Van Dyke, 1967;
Chou, 1992) attempts to address this issue at a manageable level. However, this is done by oversimplifying
the mechanical behavior of the constituents, which again leads to uncertain results. Even though many
refinements have been incorporated into the shear-lag models (e.g. Hikami and Chou, 1990), further
progress requires an alternative approach. It is immediately obvious that conducting a stress analysis in
realistic composite laminates with the presence of million of fibers using this approach is an almost im-
possible task beyond the computational capacity of even the latest supercomputers. Hence, the micro-
mechanical model is mainly restricted to the strength prediction at the lamina level or unidirectional
composites. The micro-mechanics analyses suffer from two main limitations. First, they are not able to
provide quantitative predictions of failure in composites. Second, they cannot be applied to problems of
engineering design importance such as failure in the presence of free edges or holes, mainly because the
interlaminar stresses have been neglected in the failure processes.

From the existing analytical approaches, it is clear that micro-mechanics approach alone will not explain
the failure process of the laminates simply because the mutual interaction between the micro-stresses and
“interlaminar” macro-stresses in the failure process has been totally neglected. While in the macro-
mechanics approach, although the macroscopic or overall constitutive descriptions are developed from
composite micro-structure in terms of the volume fraction, the shape, and the interface conditions of the
constituents, the constitutive relations are independent of the scale of the micro-structure. Further, the
effective-modulus theory, in principle, only applies to macroscopically uniform fields. Therefore, the stress
fields near the high stress gradient regions using the classical approximation are unreliable (Pagano and
Rybicki, 1974; Rybicki and Pagano, 1975; Pagano, 1978; Fish et al., 1993). Since the details of the generally
complex, strongly heterogeneous micro-structures are not considered directly, the conventional macro-
scopic theory would inevitably involve erroneous theoretical predictions, and from which precise infor-
mation of failure in the micro-level would be difficult to elicit.

None of the currently available macroscopic theories can provide the connection between micro-
mechanics and macro-mechanics in characterizing the elastic response of composite laminates near edges
and holes. The ultimate failure of laminates, which intertwines with the micro-failure mechanisms, has to be
quantified to provide the necessary theoretical basis for design and application of composites to structures.
Furthermore, a systematic failure analysis requires a methodology at the macro-level to correctly determine
the stress distributions near the high stress gradient locations at the micro-level. In addition, there is clearly
a need for more comprehensive experimental studies of micro-structural failure criteria, with emphasis on
the requirements for applying predictive models to determine the ultimate load of the composite laminates.

Apparently, in regions of macroscopically steep stress (or strain) gradients such as free edges or holes,
the conventional anisotropic elasticity theory utilizing the effective-modulus concept in the constitutive
relations does not preserve the essential variation of the micro-stress distribution through the unit-cell at
the micro-level. Indeed, rapid change of three-dimensional stress states contradicts the underlying as-
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sumption of the macroscopically uniform state of stress from which the effective-modulus theory has been
derived. As a consequence, at regions of high stress gradient the conventional approach ceases to provide
true representation of physical reality. In order to represent the effect of the micro-stress variation through
the unit cell and properly capture the meaningful macroscopic steep stress gradient fields, one must retain
the volume average of the micro-stress distribution as the ‘stress’ acting on the cell but also the higher-order
effects of the micro-stress distribution on the element. One of the higher-order effects of the micro-stress
distribution is the set of first moments of micro-tractions, which provides couples on the surface of the cell.
In a recent study of modeling the effective moduli of debonded interface by Yuan et al. (1997), it was found
from micro-mechanics that the stresses on the boundary of the cell lead to resultant forces and moments, as
in micro-polar (couple stress) theory. The couple stresses are conjugate to gradients of local rotation. Thus,
in the elastic couple stress theory, the couple stresses are proportional to local rotation gradients, which are
themselves proportional to differences of gradients of strain. This also results in the introduction of material
lengths into the constitutive relations for dimensional consistency. Hence, the effect of absolute size of the
micro-structure will be incorporated in the constitutive description. The presence of the length parameter,
in turn, implies that the micro-polar theory encompasses the size effects that are ignored in the classical
anisotropic elasticity theory.

The couple stress concept shown in Fig. 1 is due to Voigt (1887) and was further developed by the Cosserat
and Cosserat (1909). Following the work by Mindlin and Tiersten (1962) on linear micro-polar elasticity, a
number of stress concentration problems have been investigated (e.g. Mindlin, 1963). The effect of couple
stresses on the singular stress concentrations in elastic solids has been explored (Muki and Sternberg, 1965;
Sternberg and Muki, 1967; Sternberg, 1968; Pagano and Sih, 1968; Bogy and Sternberg, 1968; Savin and
Nemish, 1968; Atkinson and Leppington, 1977). Several pathological predictions of classical elasticity in
singular stress concentration problems are altered, mitigated, or possibly eliminated when couple stresses
are taken into account. A Cosserat continuum and the theory of elasticity with micro-structure have

o,+(0c,/0y)dy
B+ (O, /0y)dy T, H(01,,/0y)dy
T,, (01, /Ox)dx
HXZ
Oy dy e
sz+(auxz/ax)dx
T
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Fig. 1. 2D Cartesian componets of stress and couple stress.
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been suggested as analytical models describing the dynamic behavior of composite materials (e.g. mono-
graph by Achenbach, 1973).

The research on finite element formulation of micro-polar theory is also limited due to the lack of study
in defining micro-polar shear moduli. Many researchers avoid the nonexistent of shear moduli by simpli-
fying or remodeling the micro-polar problem. For example, Wood (1988) used a complementary-based
variational principle to solve plane linear elastic couple-stress problems. The principle is analogous to that
used in a total potential energy-based Mindlin/Reissner thick plate bending analysis and as such is a
generalization of the classical analogy between plate stretching and plate bending. Parametric studies of
micro-polar theory also have been conducted. For example, Nakamura et al. (1984, 1988) developed the
total potential energy for a body composed of an anisotropic micro-polar linear elastic material and for-
mulated a displacement-type finite element model. The program is verified by computing the stress con-
centration around a hole in an isotropic micro-polar material for which an exact analytical solution exists.
Several anisotropic material cases are presented which demonstrate the dependence of the stress concen-
tration factor on the micro-polar material parameters. Very recently, Forest and Sab (1998) proposed an
alternative methodology consisting in replacing the heterogeneous medium by a generalized continuum.
Such continua involve additional degrees of freedom (Cosserat media) or higher-order gradients of the
displacement field (second grade materials). In general, they replaced a composite material with a homo-
genous generalized continuum by developing the macroscopic displacement field into a polynomial main
field and a periodic perturbation. Forest (1998) provided a method to derive micro-polar shear moduli of
composites. He modeled a cluster of nine cells and applied rotation at the center cell to simulate the de-
formation of micro-polar media.

It is clear that a higher-order continuum theory such as micro-polar theory may provide a significant
improvement in analyzing the stress behavior of composite structures near the steep stress gradient zone,
and further predicting the micro-stress near this region where the failure may initiate in this micro-scale.
Therefore, there is a need to implement micro-polar theory into the ply level in the laminate analysis.
Firstly, emphasis is placed on deriving micro-polar composite moduli and assessing the singular behavior of
stresses in the regions close to the exposed free edge. A finite element technique to derive these moduli is
presented. The effects of micro-polar theory on the normal stresses along the “artificial”” interface that is an
artifact of ply homogenization, particularly near the high macro-stress gradient region, are also examined.
Secondly, the micro-stress along the fiber-matrix interface of the ‘critical’ cell are of interest. ‘Critical’ cell is
defined as the cell on the interface of matrix and composite and near the free edge of the lamina, where the
high macro-stress gradient is found due to material and/or geometric discontinuity.

2. Formulation

A class of free edge problems which involve stress intensification near the edge in the composite laminate
has been presented by Pipes and Pagano (1970), Pagano (1974a,b), Wang and Yuan (1983). In general, the
displacement field is given by

u(x,y,z) = U(x, y)
v(x,y,2) = V(x,y)
w(x,y,z) = W(x,y) + &z
d(x,y,2) = ¢(x,y)
where u, v and w are the x, y, z components of displacements, respectively, ¢ is the independent rotation,

and ¢, is an applied uniform strain in the z-direction. Thus all the stresses are function of x and y alone. The
resulting generalized plane deformation problems in elasticity is solved by means of finite element code

(2.1)
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ANSYS. For the boundary value problem modeled by micro-polar elasticity, the problem is solved by use
of finite element code as discussed in Appendix A. In ANSYS, the axial strain ¢, is imposed on the finite
element problem by simulating it as thermal strain in z plane strain formulation:

& =0T (2.2)

where o, is the thermal expansion coefficient and T is the temperature rise.

Two cases of free edge boundary value problems are considered in this study. Due to the symmetry in
geometry and the lay-up, only a quarter is the laminate is modeled. The first case is a six-layered laminate
with fibrous lamina with fiber volume fraction, 30.7%. One quarter of the cross-section of a composite
consists of two fibrous layers with eight fibers and an epoxy layer is shown in Fig. 2. The size of each cell is
160 um and the fiber diameter is 100 um. The intention of using this configuration with eight fibers allows
the model to take every heterogeneity in a lamina into account for the numerical modeling. For each
boundary value problem, the solutions from micro-mechanics model (MM), effective modulus (homo-
genization) model (EM) and micro-polar model (MP) will be determined and then studied. The micro-stress
solutions from this micro-mechanics model will serve as reference “exact” solutions that will be compared
with those obtained by the EM and MP solutions. In the MM model, the fibers and matrix are recognized
explicitly in the numerical modeling; EM and MP solutions are modeled by replacing the fibrous and matrix
layers by their respective effective moduli. The derivation of effective moduli for classical elasticity and
micro-polar elasticity is presented in Section 3. The constituent moduli are in the following: &, = 0.002,
Sigma 1240 (silicon carbide) fibers have £ = 325 GPa, v = 0.15, and epoxy matrix has £ = 3.45 GPa,
v = 0.35.

As shown in Fig. 2, the cell size is 4. The elasticity boundary conditions on the center line and free edge
are given by

u(0,y) = 04,(0,y) = 01y(4h,y) = 0x(4h,y) =0 (23)
while on the central plane and upper surface, we have
v(x,0) = 0y,(x,0) = 6,,(x,3h) = 0,(x,3h) =0 (2.4)

In the MP model, additional boundary conditions are prescribed.
¢z(x7 0) = ¢z(07y) = :uxz(4h7y) =0 (25)

Note that the epoxy layer is modeled by the classical effective moduli. In this layer, ¢, = 0. In all the cases,
particular emphasis will be placed on the cell centered at (3.54, 1.5k) (called ‘critical’ cell), i.e., the cell in
which the EM and MP singularities exist.

loooo
0000

Fig. 2. Two-row composite lamina with fiber diameter: 100 pm and cell size: 160 pm x 160 pum.
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Fig. 3. Two-row composite lamina with fiber diameter: 141.42 um and cell size: 160 pm x 160 um.

The second boundary value problem is similar to that of the first problem except that a higher fiber
volume fraction 61.4% is used. The quarter region is shown in Fig. 3. The boundary conditions are the same
as in Egs. (2.3) and (2.4). The same constituent moduli are also used in the second problem.

An ANSYS and finite element code are developed to analyze the stresses and displacements for MM,
EM and MP models. Eight-node isoparametric elements are used in these modeling. For modeling MM,
EM and MP models under axial strain ., the loading is simulated as a thermoelastic problem with thermal
expansion coefficients, «; = o, = 0 and o3 = &, under unit temperature rise. The finite element procedure of
the micro-polar theory for this boundary value problem is described in Appendix A.

3. Prediction of micro-polar composite moduli

A finite element approach to calculate micro-polar moduli in orthotropic solids is presented. A square
fibrous unit cell is employed in the analysis. Since the unit cell possesses a center of symmetry, there will be
no coupling between the overall micro-polar deformation and curvatures. The derivation of the moduli in
this study contains three parts. Firstly, effective elastic moduli deduced from the classical homogenized
scheme are obtained based on the representative volume element (RVE) concept as presented by Yuan et al.
(1997). Secondly, a cluster of cells suggested by Forest (1998) is used together with traction continuity and
displacement continuity conditions along the boundary of the center cell for determining the micro-polar
shear moduli. Finally, determination of bending moduli of the unit cell from a long strip of periodic cells
using a least squares method or finite element method is proposed. The finite element method by means of
ANSYS software package is utilized.

For an orthotropic micro-polar solid under generalized plane deformation, constitutive equations for
this class of problems are expressed as

Oxx [Cy Cn Ci3 0 0 0 0 Exx
6'),}, Cph Cpn Cyn 0 0 0 0 Ey}
0. Csz Cyx G 0 0 0 O &
Gob=10 0 0 Gy, Go 0 o0 |la, (3.1)
3, 0 0 0 Gn Go 0 0 |]ean
My 0 0 0 0 0 Bu Bn Ky:
il Lo o o o 0 By Bnl|k.
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The strain—displacement relations are

ou  _ oo _ ow o - ou -

gxx:a7 gyy:@7 822251 gx}’:a_d)ﬁ (E‘)Wza—i_(bz
where the bar on the stresses and strains denote the averaged quantities, ¢, is the micro-polar rotation, g,
and p,, are couple stresses, and «,. and k,, are the curvatures.

The classical orthotropic constants, C; (i,j = 1,2,3), are deduced from three extension and one shear
boundary value problem with periodic boundary conditions to obtain shear moduli. In addition to the
shear test, a cluster of nine composite cells is employed to simulate the micro-polar shear force that is
activated by a rotation of a center cell. By applying this method, the anti-symmetric shear stress condition
will be automatically satisfied. Using shear and rotation tests, the micro-polar shear moduli, G;; (i, j = 1, 2),
are determined. Since there is no RVE in the micro-polar theory, bending moduli, B; (i,j = 1,2), are
approximated by applying bending deformation to a long strip of unit cells. The Young’s modulus,
Poisson’s ratios, in-plane and longitudinal shear moduli of the composite are determined by the elastic
properties of the constituents and internal geometry of the RVE (Yuan et al., 1997). Only the derivation of
micro-polar shear and bending moduli are presented in this paper.

3.1. Shear test—in-plane composite shear modulus

For the composite under shear, straight cell boundaries may not remain straight after the composite has
been deformed. Since the boundary displacements and traction on any cells must be compatible with those
on the neighboring cells, for the finite element modeling, constraints are imposed on the displacements at
the edges x = constant and y = constant of the cell boundary where the displacements are not necessarily
linear. Applying the boundary conditions into a quarter cell model as derived in Yuan et al. (1997):

x=0, (Oy—aV(Oy)—O

)
x=a, vlay) = 7a/¥y, a,(0,y) =0 .
y=0, ux0)=0y(x,0)=0 (3.2)
y=>b, ulxb)= byry, o'y(x7 b)=0

From the constitutive equation, we can express the effective shear constitutive equation in the following
way

Oy | _ |G Gu|féy 33

{5”} |:G12 G22:|{'§yx (33)

&y 1 Gy _G12:| { Oy }
_ = _ 7 34
{ Eyx } G11G22 - G%z |:_G12 Gll Oyx ( )

Adding the two shear strains in Eq. (3.4) yields

_ 00 0u (Gn— G12)oy + (—Gi2 + Gi1)G
B, = 35
8/y + Sy Ox + 6y G11G22 — G12 ( )

For classical elasticity problem, the shear stress is symmetric, 6., = 6,,. Therefore, Eq. (3.5) can be sim-
plified as follows.
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G}, — G11Gn
Gy ==, 3.6
T 2G12—G11—G22yx} (3.6
The composite in-plane shear modulus is defined as:
0y = G0y, (3.7)
The average of the in-plane shear stress in the RVE:
1 b
6-xy = E / O-xy(aay) d_)/ (38)
0
The average of the in-plane shear strain is derived in Yuan et al. (1997):
’)_)xy = V;y (39)
Denote the shear modulus of elasticity, G7,, as follows.
2 —GnG
G}y = 5ol = Suln_ (3.10)

2G12 - Gll - G22

Applying Egs. (3.3) and (3.6), G;, can be determined. It also can be proven that ¢, =46, =4.=0.
Therefore, shear coupling coefficients are identically zero, i.e.,

Cie=Cy=C3=0 (3.11)

3.2. Center-rotation test—rotation modulus

In micro-polar theory, the translational and rotational degrees of freedom are independent of each other.
The translation describes the displacement of the center of the unit cell whereas the global rotation of
each unit cell is accounted for by the additional degrees of freedom. The neighboring cells will oppose resis-
tance to inner rotation. We consider the anti-symmetric part of strain in micro-polar theory is introduced
by a mechanism of cell rotation, which is not considered in the conventional theory of elasticity. Non-
symmetrical shear stress for the cell results from the rotation of the center cell, which activates shear forces
transmitted through cell contacts. Thus, for the determination of moduli Gy;, Gy and G,, rotation can be
considered in addition to the shear test. The center of the cells is fixed and a rigid rotation is prescribed at
the boundary of the center cell. This rotation corresponds to a non-vanishing relative rotation of the micro-
structure (anti-symmetric strains). The finite element computation provides the reaction forces on each
sides of the center cell that represent the resistance of the material to inner rotation.

The displacement boundary conditions for the center cell are given by:

u(a,y) =u(-a,y)
v(a,y) = v(-a,y) +ay
u(x,b) = u(x, —b) — by°
v(x,b) = v(x,—Db)

(3.12)

For the remaining eight cells, the displacement is fixed at their centers (i.e., # = v = 0). Due to the symmet-
ric geometry of the cell under constraint Eq. (3.12), we have

Sx(an/) = _Sx(xv _y)
S,V(x’y) = 78y(xa *)/’) (313)
'ny(X,y) = yxy(x, _y)
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Integrating the strain—displacement relation in conjunction with Eq. (3.13) and then applying Eq. (3.12)
give
u(x,0) =v(0,y) =0 (3.14)

Thus, there is no translation at the center of the center cell.
Following Yuan et al. (1997), we can prove that

o (3.15)
& =8 =§& =
It can be readily shown that
_ _ &y +&n 1 /” ov(x, b) 1 [ du(a,y)
= | == —_— = -1
b =T =T T [ T Y ), Ty Y0 (3.16)

The average local rotation for the center cell relative to the surrounding cells is

- 1 1 /0v Ou y°
=—— [ ([ Z_Z Vdedy =~ 3.17
= b Az(ax ay) ) (3:.17)
Rigid body rotation, w,, can be estimated from rotation of the rigid Cartesian axes located at the center of
the center cell.

o = L(O Qu
2\ ox oy

By taking advantage of Eq. (3.14), ¢, can be readily calculated from either one of the axis. The anti-
symmetric shear strain can be obtained:

_ 1 _ -

By = 3 (8 — &) = 0. — ¢, (3.19)

For a square fibrous cell with the symmetry about x and y the axes, G;; = G»,. From Eq. (3.3) with the help
of Eq. (3.16), we obtain

(3.18)

x=0
0

Oy + 0 = 20() =0 (3.20)
Eq. (3.3) further leads to
1 1, _ _
Oley] = 5(5’@ —0,) = (G — Gn) {2(%' - Syx):| = (G — G12)8[xy] (3.21)
and Eq. (3.6) gives:
GTZ =Gy + G (3.22)

The physical meaning of elasticity and micro-rotations with regards to the anti-symmetric shear stress is
explained more clearly in Fig. 4. To simulate the micro-polar deformation, Eq. (3.12) is applied to the
center cell. For the cluster of cells with fixed centers, the prescribed rigid body rotation activates shear
forces that cause the anti-symmetric part of shear stresses for the center cell. The reactive shear forces are
extracted from each side of the cell to calculate the shear stress.

The value of G, can be obtained from the boundaries of the center cell shown in Fig. 4. Then, utilizing
Egs. (3.19), (3.21) and (3.22), the micro-polar shear moduli can be obtained.The resulting deformation is
shown in Fig. 5.
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Fig. 4. Kinematics of macro- and micro-rotations in micro-polar solids.

Rotation

Fig. 5. Nine-cell model of fibrous cells for calculating rotational modulus using micro-polar theory.

Under the displacement boundary conditions, Eq. (3.12), the strain energy density can be expressed by

1. 1_ o o o _ -
U =30898y + 50 = 0By + O] = OanBay) + T (02 = 9:) (3.23)
The first term in Eq. (3.23) is the energy produced by the symmetric shear stress undergoing shear dis-
tortion; the second term represents the energy by the anti-symmetric shear stress G|, undergoing a de-
formation due to the relative rotation (@, — @,).
Using (3.16) and (3.20), Eq. (3.23) can be rewritten as

U=3(0y—0pn)(0: — (l;z) (3.24)

N —
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3.3. Bending deformation—modulus of curvature

Consider a long strip of unit cells in the x-direction. The displacement compatibility equations for the
cells under bending deformation on the surfaces x = +a are:
u(a,y) = u(—a,y) = 2ar.y
U(aay) = v(—a,y)
u(x,b) = u(x, —b) — 2bx x
v(x,b) = v(x,—b)

(3.25)

The traction continuity conditions among neighboring horizontal cells regardless of the loading and the
traction-free condition along y = +b are given as
ax(a,y) = 0x(—a,)
oy(a,y) = oy(—a,y)
0,(x,0) =0,(x,—b) =0
Oy (X, 0) = 0,y (x, —b) =0

(3.26)

First considering the anti-symmetry about the x-axis
&x(x,y) = —&x(x, —y)
& (x,y) = —&,(x, —y) (3.27)
T (%,3) = 7 (¥, —¥)

Integrating Eq. (3.27) and imposing the fixed displacements and rotation at the center of the cell element,
we obtain

ux,y) = —u(x, —y)

(3.28)

U(X,y) = U(xv _y)
Thus

u(x,0)=0 (3.29)
Using (3.28a), Eq. (3.25¢) reduces to

u(x,b) = —bx x (3.30)
From Eq. (3.27),

UX(xay) = _O-x(x7 _y)

ay(xay) = _Gy(xv _y) (331)

ny(x7y) = ny(x, _y)
Thus,

0,(x,0) =0, 0,(x,0)=0 (3.32)

Consequently, the cells can be modeled by a half of the region

{ u(x,0) = { u(x,b) = —brx
y=0¢ 0:(x,0) =0, y=>51 0y,(x,0)=0 (3.33)
0,(x,0) =0
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Then considering the symmetry about the y-axis

Sx(X,Y) = Sx(fxay)
&y(x,) = &(—x,y) (3.34)
ny(xay) = _ny(_x7y)

Integrating Eq. (3.34) and imposing the fixed displacements and rotation at the center of the cells, we obtain

u(x7y) = —u(—x,y)

o) = o(—%,) (339)
Thus,

u(0,y) =0 (3.36)
Using Eq. (3.35a), Eq. (3.25a) reduces to

u(a,y) = —u(—a,y) = —ax.y (3.37)

From Eq. (3.34),

Gx(x7y) - Gx(fxvy)
oy(x,y) = 0,(—x,y) (3.38)
ax}’(x7y) = _O-xy(_x7y)

Therefore,

0,,(0,) =0 (3.39)
Using Egs. (3.38c) and (3.26b),

oy(a,y) =0 (3.40)
From Egs. (3.40), (3.26b) and (3.37), we obtain

a”(a‘:’y) = fa”(a‘:y) = aK’, (3.41)

Thus, the overall problem can be modeled by a quarter of the region with Eq. (3.33) and the following
conditions

_ u(ovy) =0 _ u(avy) = —aK)y
x_O{ O-xy(oay) :0, x_a{ O'xy(a»J’) :0 (342)
Using Gauss theorem together with Egs. (3.25), (3.28) and (3.35) leads to
&=0, §=0 7,=0 k=0 (3.43)

The above equation demonstrates the pure bending state under the constraints Eq. (3.42).
Further using Gauss theorem with Egs. (3.25) and (3.41) yields

Re = K (3.44)

Xz

The average couple stress is obtained as

_ I
Re =57 / yo.dy (3.45)

—b
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The modulus of curvature is defined as

A = Bur, (3.46)
Similarly, by applying the bending deformation along y = +5b with a vertical strip of cells, we have

Iy, = Bk, (3.47)

where By, = By;. This approach will always lead to By, = 0.

The above boundary value problem can be solved by finite element method. In the following, another
method using a least squares method by Hulbert and Rybicki (1971) is examined. The use of boundary
collocation method will serve two purposes: (1) to compare the solutions with those obtained from finite
element method, (2) to determine the bending moduli under the applied loading conditions.

An elastic approach is used to solve this problem. Referring to a polar coordinate system, the basic field
equations for the plane strain problems are:

Strain—displacement relations:

Ou, 10uy u, 1 Ou, Oupy uy

To et MTre e T (348)

Constitutive equations of isotropic materials:

1 1 1

&

& = E ((7,« - V/O-(?)7 &y = E(O-H - V,O'r), Yo = 50-"9 (349)
where E' = £, v/ = .

Equilibrium equations:

0o, 100,y o0,—o0y

or ' r 00 — 0

aO'r(.) + 1 669 + 20}9 —0 (350)
or r 00 ro
Introducing the Airy stress function @, and expressing stresses as
1 /00 10 P 0 (10
= — _ _— = — = — — _— . 1
o r(6r+r 692>7 0 or?’ or0 ar<r 69) (3.51)

the equilibrium equations are automatically satisfied.
For the doubly connected matrix region with symmetry along the y-axis, the stress function in the matrix
can be assumed as

N
oM = (b(l'")r3 + a(_'?)r”) sin 0 + Z (a™r" +a™ ™" + ™2 4 p™ ) sin n6 (3.52)
n=2

For the simply connected fiber region symmetrical about the y-axis, the stress function is expressed by
N
O Z (a7 4 b"r*2) sin n6 (3.53)
n=2

In the above Eqgs. (3.52) and (3.53), the superscripts f and m in the bracket denote the fiber and matrix
regions respectively. Note that in order to solve the bending deformation along the x = +a, the odd sine
terms in Eq. (3.52) and (3.53) are chosen so that the anti-symmetric condition at § = 0 and the symmetric
condition at 8 = 7/2 are fulfilled.
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With the series chosen which exactly satisfies symmetrical conditions along the y-axis and anti-symmetric
conditions on x-axes, there remains in the problem the necessity of satisfying the following prescribed
surface conditions and fiber—matrix interface conditions for the rectangular cell

u™(a,y) = —ax’y (3.54)
u™ (x,b) = —bK’.x (3.55)
o™ — ¢ =0, aizn) - aﬁf,) =0, atr=R (3.56)
u™ —u® =0, 4" —ul) =0, atr=Rr (3.57)
a)(;“)(a,y) = 0§§?>(x, b)=0 (3.58)

where R is the fiber radius and

u=u,cosl —uysin 0
G = 0,,¢08> 0 + g sin” 0 — 24,4 sin 0 cos 0
Gy = G,p5in° 0 + 6y cOS” 0 + 20,4 sin 0 cos 0

Gy = (0, — Ggp) sin 0 cos 0 + a,9(cos” O — sin’ 0)

A least squares method is utilized to evaluate the coefficients of the truncated series terms so that the
stress and displacement fields can be obtained. The method is carried out in the following steps:

(1) select a set of discrete points on the cell surface (x = @ and y = b) and the fiber—matrix interface;

(2) apply the prescribed boundary conditions on the cell surface and interface continuity conditions,
Eqgs. (3.54)—(3.58), to these discrete points;

(3) solve the resulting set of simultancous equations for the coefficients.

The total number of discrete points is chosen so that the number of equations, m, is greater than the
number of unknowns, n. The solutions can be obtained by solving the overdetermined set of equations in

the least squares sense.
For the above displacement boundary conditions, after solving the equations the couple stress is deter-

mined by

1 b
ﬁxz =7 / yo-xxdy (359)
b Jo
Then the bending modulus By, is determined as
Be: = Bur, (3.60)

In contrast to the displacement boundary conditions used in the determination of the moduli, the applied
loading on the surface of the cell provides an alternative in determining the bending modulus. A simple
linear function of the normal stress is applied at x = a for the quarter of the cell as follows

oula,y) =3y/b*, oy(a,y) =0 (3.61)

0,(x,b) =0, 04,(x,b)=0 (3.62)
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Using (3.61) and (3.62) and the interface continuity conditions (3.56) and (3.57) with the least squares
method, the series solutions can be obtained.
The couple stress is obtained as

1 b
ﬂxz :_/ yaxxdy =1 (363)
b Jo
The curvature can be obtained by

1 (" dv(a,y) dy u(a,b)

2ab ),  ox 2ab (3.64)

R:xz =

where

v . Qu, Ouy sinf [ Ou, . Ouy .
P cos9<s1n0 3 —&—cosﬁg) S ( 30 smH—i—@ cos 0 + u, cos 0 — u951n9>
where v = u, sin 0 + uy cos 0.

The bending modulus is defined as

1
By =—

XZ

4. Results and discussion

The application of classical elasticity theory and micro-polar theory in predicting the micro-stress fields
from macro-stress fields near the high macro-gradient zone of the free edge problem in composite laminates
will be presented in detail. The composite consist of Sigma 1240 (silicon carbide) fibers (Young’s modulus:
325 GPa and Poisson’s ratio: 0.15) and epoxy matrix (Young’s modulus: 3.45 GPa and Poisson’ ratio: 0.35).
Two composite laminates are used to critically examine and compare the stress solutions from these two
theories with “‘exact’ solutions. 30.7% and 61.4% V; fibrous unit cells are utilized to construct two com-
posite laminate models. The homogenization method to compute the effective moduli for the two theories
of these composite cells has been derived in Yuan et al. (1997) and Section 3. The obtained effective elastic
moduli are listed in Table 1(panels a and b). The bending moduli are also obtained from the displacement
and stress boundary conditions utilizing the boundary least squares method (Hulbert and Rybicki, 1971) as
well as the finite element method as discussed in Section 3. By applying the displacement and stress
boundary conditions, a larger discrepancy of B as indicated in Fig. 6 is evident when a higher fiber volume
fraction is applied. These moduli based on displacement boundary conditions are then employed in the
analysis of the composite laminates.

Table 1
Effective moduli of 30.7% V; fibrous cell (panel a) and 61.4% V; fibrous cell (panel b)

Panel a
E; =102.11 GPa, Ey = E; = 7.27 GPa, v;r = vz = 0.277, v;z = 0.440, G;r = Gz = 2.39 GPa, Gz = 1.99 GPa
The micro-polar shear and bending moduli are shown in the constitutive relations

oo _ [ 2251 —1853] (%, B\ [953 0 ][k
{6’} - {—18.53 2251 Hgy} GPa, {ﬁﬂ} - { 0 9.53} { zz},} N/m
Panel b

E, =198.99 GPa, Er = E; = 14.95 GPa, v;7 = v;z = 0.172, viz = 0.535, G, = Gz = 5.74 GPa, Gz = 1.87 GPa
The micro-polar shear and bending moduli are shown in the constitutive relations

6, [ 2857 —21.12] &, A [1775 0 [ k.
{aﬁ}*{le.lz 2857 Vo f CP% \a. =1 o 1775 k. g VM
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Fig. 6. Bending modulus of 30.7% and 61.4% fiber volume fraction (7}).

The MM which models the fibers explicitly in the finite element method will serve as “‘exact” solutions
for the laminates within the bounds of the FEM analysis. The stress fields based on EM from classical
elasticity theory and MP from micro-polar theory are evaluated and compared with the “exact” solutions.
Note that in these two composites the ply interfaces are truly matrix material, but the effective modulus
representation (EM and MP models) leads to artificial results—caused by the “discontinuity’ in moduli at
the interface in the model. The “layered’” composites create a high macro-stress gradient near the free edge.
The only way to improve the results is to represent the micro-structure explicitly (MM model). Also in the
MP model, the couple stress traction vector must vanish on the interface with a classical epoxy matrix.
Special attention is focused on the normal stress along artificial interface, y = A, and micro-stress along
fiber/matrix interface of the critical cell near the high macro-stress gradient region. These micro-stresses are
crucial since failure of the composites most likely will initiate along the fiber/matrix interface. It has been
demonstrated that the effective modulus model (EM) is not able to capture these micro-stresses accurately
(Pagano and Yuan, 2000). The proposed micro-polar theory (MP), which includes a couple stress and an
independent rotation in addition to the conventional stresses and displacements of elasticity theory, res-
pectively, may predict these micro-stresses precisely.

4.1. Stress fields near the free edge

The use of micro-polar theory aims at improving prediction of the stress fields near the free edge in the
analysis of composite laminates. The region near the free edge is extremely critical due to its steep macro-
stress gradient and its physical significance with regard to the failure initiation. Two laminates having the
identical macro-geometry and constituents as seen in Figs. 2 and 3 of two-row composite lamina and yet
one with 30.7% V; and the other with 61.4% V%, under ¢, = 0.2% are used for illustration and discussed in
the order of increasing stress singularity. The first case, as seen in Fig. 2, is a laminate system that has stress
singularity 6 = —0.0370642 calculated from the classical elasticity theory. The stress singularity is obtained
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by satisfying the “interfacial”” continuity at y = 4 and traction free conditions along the free edge, x = 4h.
The second case as shown in Fig. 3 with higher fiber volume fraction has stress singularity 6 = —0.1188763.
Emphasis of the study focuses on the stress fields on planes y = 0, y = A, x = 3h, x = 4h and particularly
along the boundary of a unit cell near the free edge where the maximum normal stress occurs; this cell is
called a “critical” cell. The stress fields from MM, EM and MP models along the boundary of the critical
cell are discussed.

The effects of fiber volume fraction on the stress fields are investigated first. As observed in Fig. 7, the
MM normal stress at y = & oscillates due to presence of the fibers. For the case of 30.7% V;, the EM model
gives a distortion of physics since the singular stress is tensile at the edge (x = 44), while the MM (actual)
stress is compressive. As expected, when the fiber volume fraction increases, the magnitude of micro-stress
increases and macro-stress gradient near the free edge is greater. At the center line x = 0, the EM stress for
61.4% V; case approach a plateau non-zero value which is greater than that of 30.7% V; case. The non-zero
value of o, at the center line is manifested by the balance the force and moment along the interface y = .
For wider laminates, it is expected that ¢, should approach zero which is consistent with the classical
lamination theory.

The normal stress distribution of the first case at y = 0 is shown in Fig. 8. The exact average of the stress
using MM model generally lies close to the EM and MP curves, except the nearest cell to the free edge. In
Fig. 8, MM, EM and MP curves are very close to each other. However, results from the theories shown Fig.
9 give totally different trends at the artificial interface y = 4 in comparison with those at the plane y = 0. In
addition, the normal stress distribution of the MP model is slightly different from that of the EM model,
especially near the free edge. The comparison of Figs. 8 and 9 suggests that the influence of a particular
fiber is only felt within a region of dimension 4 (cell size), which illustrates “micro-zone of influence” in the
lamina. The presence of the free edge creates high macro-stress gradient within each laminate. To illustrate
this point, the EM and MP models in Fig. 10 show high o, gradient at y = 160 pm where an artificial mate-
rial discontinuity occurs. The implementation of micro-polar theory in the analysis does not significantly

—— MM Model (Vf =61.4%)

15 F — = EM Model (V,=61.4%) .
[ “-== MM Model (V= 30.7%) i
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g [ 1
o 1
= !
o~ 05 1
3 f
[%]
0
Z
o
g
(o]
Z 05
1+ i
a5 L ! ! ! ! ! ! !
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Fig. 7. Effect of volume fraction on ¢, of composite laminate.
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change the stress pattern. Another important observation is the location of the maximum tensile stress in
the laminate as demonstrated in Fig. 10. The MM maximum tensile stress falls at y = (3/2)4 (240 pm)
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whereas the MP and EM maximum tensile stresses take place along the artificial interface. The cell where
maximum EM and MP tensile stress exists is identified is the central point of the investigation due to the
possible location of failure initiation.

From the results demonstrated in Figs. 8-10, problems are encountered in interpreting regions of steep
gradients in the effective modulus solution at y =/ and the region along the free edge, x = 44. The
discontinuity of elastic moduli in the effective modulus model produces a singularity along planes x = 44
and y = h. Obviously, the singularity is an artifact in this case since no material discontinuity exists along
the plane y = & in the actual configuration. This fact forces us to examine the meaning of such a wildly
variable effective modulus stress field and to question the legitimacy of characterizing the behavior in this
region by an average state of stress in the study of a physical phenomenon. In Fig. 9, g, is tensile for
both EM and MP models hence these models would be expected to predict free edge failure at the in-
terface y = h. On the other hand, ¢, of MM model is compressive which means the laminate is not
susceptible to free edge failure in the neighborhood of (44, #). The inconsistency in predicting the normal
stress implies that the effective moduli approach needs careful interpretation with regard to the prediction
of physical behavior in the present class of problems, as well as in other problems in which a stress
singularity exists.

In order to assess if the effective modulus theory represents reasonable stress field predictions of the
micro-mechanics model, the comparison of the resultant stresses around the boundary of the critical cell is
evaluated and listed in Table 2. A strong indication of the improved stress predictions from the MP model
is demonstrated. Notice that the resultant shear stress is anti-symmetric, hence, the unit cell is now sub-
jected to both resultant stresses and moments. The total moment from MP model is computed by the
combination of moment resulting from the normal stresses and couple stress of micro-polar theory. Overall,
good agreement is achieved between the MM and MP models. While the EM and MP models may produce
irregularity in the stress field prediction, the MP resultant stresses compare quite well with those given by
the “exact’ analysis (MM model). After evaluating the boundary of the critical cell, one can conclude that
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Table 2
Case 1: Resultant stresses on the ‘critical’ cell

MM (micro-mechanics model)

0.681 N/m
0.025 MPa
0.013 MPa
0.104 MPa
0.152 MPa
—_—
2.72 N/m
T
0.165 MPa
0.129 MPa
\_/'251N/m
EM (effective modulus model)
1.99 N/m
0.012 MPa
0.007 MPa

0.110 MPa

(0.1 90 MPa
—

4.50 N/m

MP (micro-polar model)

<0.153 MPa
E—

2.77N/m

\/ 2.56 N/m
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the micro-polar theory significantly improves the prediction of resultant stresses near the free edge of the
composite laminate.

A similar analysis is applied to composite laminate consisting of 61.4% J; cells. It can be observed in Fig.
11 that the magnitude of the normal stress, in general, increases as the fiber volume fraction increases. The
MP model also gives a similar high macro-stress gradient as the EM model as indicated in Fig. 12. In
addition, as in the first case, EM model using 61.4% V; cells fails to provide accurate predictions of the
resultant stress on the critical cell as clearly seen in Table 3. However, the MP model successfully predicts
these stresses, although it is not as accurate as the results in low fiber volume fraction case, such as in the
first case.

In summary, the complex behavior of the composite laminates, particularly the physical meaning of the
normal stresses is very difficult to interpret. From the ply level, EM stresses can be physically deceptive, i.e.,
can lead to unreasonable prediction of failure initiation. Failure, here, is interpreted as a crack to initiate at
the free edge and then propagate into the matrix region. However, in the micro-level, the stresses along the
fiber/matrix interface, so called micro-stress, are expected to dominate laminate failure. Thus, the need to
implement micro-polar theory in the micro-stress prediction of “critical” cell is more apparent to confi-
dently determine the failure criteria of composite laminates. The micro-stresses in all cases considered above
are examined along fiber/matrix interface in the following section.

4.2. Micro-stresses at fiber/matrix interface

Micro-mechanical stresses affect the strength of fiber reinforced composites. In addition, initial cracking in
composites usually occurs in the matrix or the interface between fiber and matrix. Therefore, the most im-
portant part in the design analysis of composite lamina, especially in the failure analysis of composites is the
stress distribution along fiber/matrix interface. For the present boundary value problem, the implementation
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of micro-polar theory into composite laminate mechanics appears to be beneficial in predicting these micro-
stress. To demonstrate this point, nodal forces attained from the boundary of the critical cell are applied to a
unit cell. For MP model, in addition to the direct nodal forces, the nodal force due to the couple stress is also
implemented to the computation scheme around the boundary of the critical cell. The micro-stress from MM,
EM and MP models are then compared.

The micro-stress prediction of the first case obtained from traction boundary conditions are plotted in
Fig. 13(a)-(d). The solid lines represent MM micro-stress. In the solid curves of Fig. 13(a) and (d), the
distribution of ¢, and ¢,9, which, of course are equal in exact elasticity solution but are natural boundary
conditions in the FEM. Hence, the proximity of the results (the solid lines are actually two curves) is a sign
of the convergence of the FEM solution. In Fig. 13(c), the matrix stress distribution of oy is displayed. The
micro-stress gy in the fiber are also presented in Fig. 13(b). The other curves in Fig. 13(a)—(d) represent EM
and MP models. In Fig. 13(a)-(d), the EM and MP results are plotted in open diamond and solid circles,
respectively. The micro-stress from traction boundary conditions calculated from EM and MP models
along the three critical cell boundaries, y, = /2, —h/2 and x, = —h/2, and traction free boundary at
Xo = h/2, where x,, y, are the center coordinate of the critical fiber, are displayed and compared with the
exact MM model. It is shown in Fig. 13(a)—(d) that the micro-stress from the MP model is in very good
agreement with the “exact” micro-stress. Fig. 14 shows that micro-polar theory is able to improve greatly
the prediction of strain distribution, ¢,, at the free edge of the critical cell.

Lastly, the case with a higher stress singularity model is examined by utilizing 61.4% V; fibrous cells. The
micro-stress obtained from traction boundary conditions applied at the critical cell boundary are plotted. It
is observed in Fig. 15(a)—(d), using higher fiber volume fraction, the EM solutions do not provide accurate
results in micro-stress prediction. However, MP solutions produce more accurate micro-stress prediction as
seen in Fig. 15(a)-(d). MP model also improves the strain, ¢,, distribution at the free edge, as seen in Fig. 16.
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Table 3
Case 2: Resultant stresses on the ‘critical’ cell

2237

MM (micro-mechanics model)

EM (effective modulus model)

MP (micro-polar model)

1.96 N/m
0.034 MPa
0.014 MPa
0.280 MPa
0.404 MPa
—_—
12.32 N/m

0.390 MPa

0.246 MPa

\/ 2.68 N/m

7.692 N/m
0.009 MPa
0.019 MPa

0

1.97 N/m
0.032 MPa
0.015 MPa
0.281 MPa
<0.405 MPa
—_—
12.13 N/m

2.64 N/m

NG
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the fiber/matrix interface.

In conclusion, the micro-stress would be expected to dominate the initial failure process due to the maxi-
mum stress location in the interfacial zones. Consequently, it is critical to be able to predict the micro-stress
along fiber/matrix interface, and the micro-polar theory clearly shows much better prediction of these
stresses.

5. Conclusions

The micro-polar homogenization is used to predict the micro-stress distribution in the region of high
macro-stress gradient of the composite laminates. The higher-order elasticity theory is based on the micro-
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polar theory developed by Eringen (1966). The in-plane shear moduli and the bending moduli are deter-
mined from a nine-cell model and a long strip of unit cells respectively. In order to substantiate its ap-
plicability, two cases of laminates with free edge under uniform axial strain have been studied. The
following conclusions may be drawn:

(1) The micro-polar homogenization method is introduced to determine the effective moduli of com-
posite materials by means of the finite element method. In addition to the classical effective moduli, the
micro-polar shear and bending moduli are utilized to introduce the cell size factor that exists in micro-polar
theory.

(2) In the classical elasticity theory, the fiber volume fraction and the cell size affect the stress response of
the composite laminate. First, in the class of problems studied there is inconsistency in predicting the
normal stress, especially at the free edge when 30.7% and 61.4% 7} cell laminates are employed. For the case
of 30.7% V;, the EM model gives a distortion of physics since the singular stress is tensile at the free edge
while the MM stress is compressive. Second, a strong indication of a ‘micro-zone of influence’ around the
boundary of the cell near the free edge is observed. The term ‘micro-zone of influence’ implies that the stress
and strain distributions around the boundary of the cell vary with the cell size (fiber size). A ‘Micro-zone of
influence’ can also be interpreted as the influence of a particular fiber is only felt within a region of fiber size
(dimension #). Due to the importance of the cell size on predicting the elastic response of composite
laminates, the micro-polar theory which takes into account the cell size or dimension is studied.

(3) Similar to the classical elasticity theory, the application of micro-polar theory to composite laminate
introduces artificial interfaces leading to severe macro-stress gradient, which can distort the physics of the
problem by reversing the sign of the normal stress near the free edge region. The inconsistency in predicting
the normal stress at the artificial interface implies that the effective moduli approach, the classical and
micro-polar elasticity theory, needs careful interpretation with regard to the prediction of physical behavior
in the present problem, as well as in other problems in which effective singularities exist. The advantage of
the micro-polar theory can be clearly seen by evaluating the resultant stresses on the boundary of the
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Fig. 15. (a) Case 2: g, of the critical cell along the fiber/matrix interface. (b) Case 2: g in the fiber of the critical cell along the fiber/
matrix interface. (c) Case 2: gy in the matrix of the critical cell along the fiber/matrix interface. (d) Case 2: g, of the critical cell along
the fiber/matrix interface.

critical cell, near the free edge of the composite laminate. It is clear that the classical effective modulus
theory (EM model) is not able to predict these stresses, while the micro-polar theory produces accurate
prediction of the resultant stresses.

(4) The micro-stress predictions near the steep macro-stress gradient using micro-polar theory from the
ply level for all cases are very promising although the micro-polar theory only considers the gradient of the
normal stress (couple stress) but not shear stress. These microstresses are responsible for the failure initi-
ation process in composites since the composite failure always originates from the micro-scale. In general,
the micro-polar theory improves the micro-stress predictions using both displacement and traction
boundary conditions imposed on the critical cell boundaries. However, the use of displacement boundary
conditions in the laminate with higher fiber volume fraction, such as in the second case, is not able to
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capture or even provide similar micro-stress trends as in the “exact’” solutions (MM model). Note that the
independent rotation has not been taken into account in the displacement boundary conditions along the
cell boundary. It is hopeful that the inclusion of this rotation in the boundary condition will further im-
prove the micro-stress prediction.

(5) The micro-polar theory may be used to establish realistic failure criteria for composite laminates in
the presence of stress concentrations and steep stress gradients at the micro-mechanical scale.
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Appendix A. Finite element method for micro-polar elasticity

The principle of virtual work and the variational principle of total potential energy for micro-polar
elastic materials will be derived in this section. A general three-dimensional finite element method is for-
mulated. A finite element scheme is examined under two-dimensional general plane deformation subjected
to uniaxial strain. An example is shown for the infinite strip under in-plane shear for which an exact so-
lution is known. Solution of the example is compared with those from the finite element method to show the
accuracy of this method.
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A.1. Principle of virtual work and variational formulation of micro-polar elasticity

The micro-polar theory incorporates independent micro-rotations as well as the translational dis-
placements assumed in classical elasticity. The principle of virtual work can be obtained from the equations
of equilibrium and vice versa. Let a solid body in V' be in static equilibrium under specified body forces,
body couples, and surface boundary conditions. The surface boundary of the body S can be divided into
two parts from the viewpoint of the boundary conditions. The part S, over which traction boundary
conditions are prescribed in terms of external forces and couples and the part S, over which geometrical
boundary conditions are prescribed in terms of displacements and micro-rotations. Thus, S = S, + S,.
Here, the arbitrary set of the virtual displacements is chosen such that the geometrical boundary conditions
on S, satisfy the following equations:

Su = [5u,dv,6w]' =0 and 8¢ = [3¢,,3¢,,8¢.]' =0, ons§, (A1)
The stress components are denoted by o,,0,,...,0, and couple-stresses by fi,, i, - -, i,. Equilibrium
equations in the absence of body forces and body couples at all points in V' are expressed by:

0i; =0, w;;+emon =0 (A.2a,b)
The traction boundary conditions are given by

) — 0

W, w"=p" ons, (A.3a,b)

Multiplying Eq. (A.2a,b) by the arbitrary virtual displacements ou and 3¢, respectively and integrating the
relation over ¥, multiplying Eq. (A.3a,b) by the virtual displacements and integrating over S,, and then
applying Gauss’ theorem the sum of the two integrals leads to

/ [0idusj + 1;S¢; ; — eimondP,|dV — / @ 8u; + g 5¢,)dS = 0 (A.4)
v S,
By introducing the micro-polar strain tensor
& = Uji — EikPi (A.5)
Eq. (A.4) can be rewritten as
/ (0386, + 1;5;,)dV — / (8" 8u; + "' 3¢,) dS = 0 (A.6)
V A

The integrals can be recognized as work expressions. The first integral corresponds to the negative of the
internal virtual work and the second integral is the virtual external work. Hence

—8W, — W, =0 (A7)
This expression can be expressed by

(W, +W,)=0 ordw =0 (A.8)
with

Ww=Ww-+Ww

Eqgs. (A.6) and (A.7) or (A.8) are the expressions for the principle of virtual work. The principle holds for
arbitrary infinitesimal virtual displacements satisfying the prescribed geometrical boundary conditions.

For dissipation-free materials and conservative loads, we assume the existence of a positive definite
strain energy density Up(e;, k;;) such that
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ol ol
0, = and yu; =— (A.9)
T Oy T Oy
where
Ky = ¢, (A.10)
Then, the first term of Eq. (A.6) is expressed by
/[aU°5,,+aU°5K,,]dV_5/UodV_SU (A.11)
v aF[j 0

The virtual work of the external loads may be expressed in terms of the variation of the load potential as
SW, — / (@ 8u + 15 dS = 5 / @+ @) dS = —6V (A.12)
Se So
Eq. (A.6) can be written as
U4V =0 (A.13)
Total potential energy is defined as
n=uv+v (A.14)
Now, Eq. (A.12) can be expressed as

ST =0 (A.15)

Eq. (A.15) is the principle of total potential energy of micro-polar elasticity in which strain energy and the
potential of the external load are given by Eqs. (A.11) and (A.12), respectively.

A.2. FEM under generalized plane deformation

For generalized plane deformation problem to be discussed later where the displacements and rotation
are expressed by

u(x,y,z) = U(x,y)
v(x,3,2) = V(x,y)

w(rp.2) = 02 (A-16)
¢.(x,y,2) = ¢.(x, )

and stresses are functions of x and y only, the three-dimensional constitutive equations can be significantly
simplified.

O Ch C, 0 0 0 07 én Ci3
Oyy C21 C22 0 0 0 0 &y C23
Oyxy 0 0 Gll G12 0 0 Exy 0
o (10 0 Gu Gn 0 0 |Je ") 0 (® (A7)
1. 0 0 0 0 B11 BlZ Ky, 0
: 0 O 0 0 B Bxn Kz 0
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or
6 = D¢+ oy
T
G = [Oxx; Oyy; Oxyy Oyxs Hyzy
[ 1 Oxyy Oy 1, :“);] (A.18)
&= [sxxa Eyyy €xys Eyxy Ky, ny]
= [u,v,¢.]"
The total potential energy can be expressed by
1 1
n :—/sTDst—I——/aoTadV (A.19)
The strains are given by
"8 -
— 0 0
Ox 5
0o — O
Exx ay
> 0 ai 1| [ u
e = i = d x v (Azo)
b — 0 1|l
Ko Oy :
0
Ky 0 0 —
5 Ox
0o — O
L Wy |

In a finite element representation the displacements and local rotations may be expressed by introducing
appropriate shape functions NV such that

u = Nu’ (A.21)

where u¢ are nodal field variable vectors.
Applying Eq. (A.21) to (A.20) yields

[ON
— 0 0
Ox e
. 0 o 0
8,Vy 0 a_N _1 ue
e={ b=y & b = Bu (A.22)
» - 0 1 e
Ky, oy z
ON
K
¥z 0 0 —
e Ox
T
Eq. (A.19) becomes:
1 1
m=-u' [ / (BTDB)dV] w4 = / o BdVu (A.23)
2 v 2 Jy

Taking the first variation of Eq. (A.23) with respect to #° and a general matrix formulation can be written
as:
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kL’ue :fe
with
k¢ = / B'DBAV
V

fi= —/O'OTBdV
v

A.3. Numerical example—simple shear of infinite layer

2245

(A.24)

(A.25)

(A.26)

Analytical solutions of an infinite layer under simple shear for a linear isotropic micro-polar solid
originally derived by Schaefer (1962) are briefly rederived in this section. The finite element results for this
boundary value problem will then be compared with the analytical results to demonstrate the accuracy of
the numerical modeling. For an infinite layer in the x-direction under simple shear, the displacements u, ¢,,
are only a function of y and so do the stress and couple, o,,, ,, and v = 0. The constitutive relation of a

linear isotropic micro-polar solid in plane strain is given by

O A42u A 0 0 0 0 Exx
Oy ) A+2u 0 0 0 0 &y
oy | 0 0 u+x p—x 0 0 &y
o [ 0 0 u—x p+x 0 0 e
jIne 0 0 0 0 y 0 Ky
Uy 0 0 0 0 0 v Ky

For this boundary value problem, the constitutive relation can be simply reduced to:

Oxy = (/“L —+ K)gxy + (:u - K)g)x
Oy = (1= K)‘C'Xy + (u+ K)S}w

:uyz = ’))K)/'Z
The kinematics relation gives:
d
K, — 39
dy

du
Ex =&y =0, &y=-0¢, &x=

yx—d—y+¢z,

The equations of equilibrium can be reduced to:

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

From Eq. (A.31), 6, is a constant equal to the applied shear stress on the top and bottom surfaces. Apply-

ing Egs. (A.28)—(A.30) to Egs. (A.31) and (A.32) and rearranging them, we obtain:

y d?¢. 1 du
4k dy? o 2dy

putr) &,
2k dy?

2up. = 0y

(A.33)

(A.34)
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Further by applying boundary conditions, ¢,(+4/2) = 0, we can solve for ¢, in the layer from Eq. (A.34)

¢ 1 cosh &y
CAP I bt A.
O 2u cosh éh/2 (A.35)
where & =2, /-,

Substituting (A.35) into (A.29), (A.30) and (A.32), then the ratio of the shear stresses can be expressed in
the following:

Oy 2k cosh &y
w1 bt A.36
Oy u+ K cosh &n/2 ( )
The couple stress expression can be obtained using (A.29), (A.30) and (A.35).
K 1 sinh &y
0, 2u coshéh/2
The u displacement can be obtained by substituting (A.35) to (A.33) and taking the integration:
ul{y(Z,u-i—K)l sinh &y } (A37)
O U u+x ) &coshéh/2
For numerical illustration, the geometry and relevant material properties are listed:
h=1m, k=2u=2Pa, y=1N (A.38)

A finite element program based on linear micro-polar theory is tested by applying the equivalent dis-
placement u from Eq. (A.37) at y = +h/2 with the given boundary conditions v = ¢, = 0 on the surfaces of
the infinite layer and utilizing the micro-polar moduli in Eq. (A.38). A two-dimensional analysis with eight-

1 ———————
O Micropolar FEM

05 Schaefer (1962) b
N
= 0 -
=

05 -

1 . . L

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
w Jo, (m)

Fig. 17. Couple stress distribution through the thickness of an infinite layer under simple shear.
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node isoparametric finite elements is used in the modeling. For example, it is clear from Fig. 17 that finite
element results for distributions of . agrees well with the analytical results. Thus, the finite element micro-
polar program can be confidently employed.
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